Using mean-field theory for the Bardeen-Cooper-Schriefer (BCS) to the Bose-Einstein condensate (BEC) crossover we investigate the ground state thermodynamic properties of an interacting homogeneous Fermi gas. The interatomic interactions modeled through a finite range potential allows us to explore the entire region from weak to strong interacting regimes with no approximations.
we have assumed that the interatomic potential is the same for any pair of fermions.
The mean field approach is based on the BCS ansatz [38] [39] [40] for the ground state of the gas, |Ψ BCS = k (u k + v kâ † kb † −k ) |0 with u k and v k variational parameters satisfying u 
where F k = u k v k . The term HF k stands for the Hartree and Fock energy contributions, given by,
The variational scheme yields the gap equation,
where the quasiparticle excitation energy is
the total number of particles is N = 2 k v 2 k . The above equations are valid for any short range interatomic potential. The contact approximation [40] is implemented by setting all the momenta dependence asŨ q ≈Ũ 0 ≡ 4π 2 a/m, and as it is well known, such a procedure inevitably leads to convergence difficulties at large values of the momentum q, with the necessity of either schemes of renormalization nature or introducing physically justified cutoff parameters [40] [41] [42] [43] . Moreover, as it has been widely indicated in the literature, see for instance Ref. [34] , the contact approximation only holds in the weakly interacting regime N |a| 3 /V 1, and it should therefore not be correct at unitarity where the scattering length diverges. It is certainly surprising that the contact approximation in the BCS ansatz but neglecting Hartree-Fock (HF) terms, which are linearly proportional to a, see Eq.(3),
gives a finite and smooth crossover at unitarity [37] , not only of the Contact but of the whole thermodynamics. On the other hand, it has been clearly noted [32] In order to avoid the contact approximation we use a physically acceptable interatomic potential, an exponential-type of potential,
where σ is the interaction range and V 0 the depth of the potential; its Fourier transform can be analytically calculated. This potential has essentially two main virtues. First, as a realistic potential it depends on at least two parameters, V 0 and σ. Second, but more important for our purposes, as derived by Rarita [44] , the two-body scattering length is exactly known,
where x = σ √ 2V 0 m/ , J 0 (x) and N 0 (x) are zero order Bessel functions of first and second kind and γ is the Euler-Mascheroni constant. Therefore, for fixed range σ, the Grand
Potential Ω depends on the scattering length via V 0 . As V 0 varies, a passes through an infinite series of scattering resonances where a diverges changing abruptly its sign; the resonances occur as actual bound states emerge [44] . As it has also been widely discussed, those potential resonances are good approximations to experiments since essentially all crossover experiments are in the so-called broad Feshbach resonance limit where the width of the resonance is much larger than the Fermi energy [31, 36, 45] . In this study we consider the BCS-BEC crossover through the first resonance. The results of the contact approximation are recovered in the limit σ → 0, as shown below.
To analyze the thermodynamics in the whole BCS-BEC crossover, namely, as the inverse scattering length varies from −∞ to ∞, we numerically solve [46] the set of equations (4)- (6) without any further assumption or approximation. We determine the chemical potential µ, 
where η = 1/a is the inverse scattering length. Dimensionless variables are formed with Fermi energy and momentum, F = 2 k 2 F /2m and k F = (3π 2 N/V ) 1/3 , and denoted with a tilde.
To begin our discussion, we show in Fig.1(a) the energy dependent gap, Eq.(4), ∆(˜ ,σ)/∆ max (σ), normalized to its maximum value. We show only the strongly interacting regime (η = 0) but the results are very similar for arbitrary values of the scattering length.
We find that as long asσ 1, the gap is a constant∆ ≈∆ max for˜ σ 2 1, then abruptly drops to zero. Asσ → 0, we recover a constant gap for all˜ . From moderate to large values ofσ the gap shows a peak. As we see below, this novel dependence of the gap for large values ofk dramatically changes the behavior of the thermodynamic properties.
We now address the main point of this letter. This is the behavior of the contact variable C, eq. (7), for the whole crossover at T = 0. Fig. 2 (a) showsC = Ck F /(N F ) as a function ofη = 1/(k F a) for different values of the rangeσ. First, we highlight the dashed black line that corresponds to the solution of the BCS equations in the contact approximation but completely neglecting the Hartree-Fock (HF) terms, see eq. (2). This approximation has been deemed as inappropriate [32] to describe the system since in the deep BCS regime, η → −∞, it predicts an exponential decay, as can be seen in Fig. 2(a) , yet it gives a smooth finite crossover at unitarity. The correct behavior ofC is believed to be given by the weakly-interacting approximations of a Fermi liquid in the BCS side and by the diatomic version of a Bose gas with repulsive interactions in the BEC side, these in turn, given by the celebrated expressions of Huang-Yang-Lee (HYL) [48] . In the very deep BCS and BEC regimes, HYL yields as leading termsC ≈ 2/(3πη 2 ) in the BCS side, andC ≈ 2η in the BEC extreme. These expressions are shown with solid black lines in Fig. 2(a) becoming, the former zero and the latter divergent at unitarity. In addition to these lines, with black dots, we also plot the mean-field BCS theory in the contact approximation with HF terms. We see that asη → ±∞, this solution approaches HYL result but, at the crossoverη = 0, it also diverges. This is one of the purported indications that MF is invalid at the crossover. As we now show, these divergences are due to the contact approximation and not to MF approach itself. In color lines we show the finite range calculations. In general, we find that if the interaction range is small,σ 1, the contactC eventually vanishes algebraically asη −2 in the BCS side (η < 0) in agreement with HYL. However, very interestingly, one can see that asσ decreases, such a behavior is delayed for larger negative values ofη, indicating that in the limitσ → 0 the finite range calculation approaches that predicted by BCS theory with contact approximation but without HF terms.
In the BEC side a novel behavior emerges due to the finite character ofσ. The contact variableC peaks at a value that depends onσ and then decays to zero again asη increases.
The value ofη max at the peak scales simply asσ −1 , see Fig. 2(b) . We further note that asσ keeps increasing, the location of the peak not only tends toη = 0, i.e. to unitarity, but the value ofC becomes sharply peaked, suggesting that the crossover at unitarity becomes a true quantum phase transition. Although the transition may appear unrealistic since one needs an infinite interatomic range, we would like to recall that the present theory is a mean-field one. Such a transition is reminiscent of the Kac limit [49] of the van der Waals fluid.
A very important issue in this discussion is certainly the unitarity region where the scattering length diverges a → ±∞, signaling the appearance of a resonance and giving rise to very strong interatomic interactions. As mentioned above, if one sticks to the strict contact approximation, certainly the model breaks down since the Hartree-Fock terms become divergent. However, for finite values ofσ, HF terms are perfectly finite even if a becomes unbounded. Since our calculation never really uses the contact approximation one never faces any divergence. The resulting crossover is smooth as one would expect, except whenσ grows indefinitely. Fig. 3 shows the thermodynamics at unitarity. First, we note that forσ 1, the exact calculation approaches that of the usual BCS mean-field calculation, with the contact approximation but without including the divergent Hartree-Fock terms, dotted lines in the figure. That is, for small interatomic range, all thermodynamic quantities approach MF universality class [50] . For larger values ofσ evident deviations appear. In the figure we also
show Bertsch parameter β [51] for the present calculation together with a collection of corresponding values for different type of models and calculations [10-14, 17-19, 21, 23, 25, 51] .
We clearly see that all those values are withinσ 1 of the exact calculation. Full elucidation of this important point is beyond the scope of this article.
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